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OUTLINE

e Random vectors and characteristic functions

e Random processes and characteristic functionals

e Fully developed speckle

e Residual speckle in closed-loop AO

e Towards a complete statistical analysis of AO images
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Some key points from Lecture 8

An M-dimensional random vector g is a set of M scalar random variables,

{gm,m =1,..., M}. (Think of measurements from some detector array.)

If each g, can take a continuous range of values, the vector g is described

by a probability density function (PDF) pr(g) = pr({gm}), and the mean
of g is given by

(8) =8={gm} = /_o;dgl /_O:Odgz---/_idgMg pr(g) = /OO d"g g pr(g) .

If each g, can take on only integer values, the vector g is described by a
probability (not PDF) Pr(g) = Pr({gm}), and the mean of g is given by

(g)=8={gm} = Z Z Z g Pr(g).

91=0g>=0 gm=0

(Note that the sum here is over each of the g, not over m.)



Covariance matrix

The covariance matrix is a generalization of the variance to random vectors.

For an MD random vector g, the covariance matrix K is an M X M matrix
with elements given by

Kij = ((9: —39:)(9; —39;)") (8.16)
where the asterisk indicates complex conjugate, allowing for the possibility

that components of g might be complex. It follows from this definition
that K is Hermitian, i.e., K;; = K;Z

In outer product form,

K=([g-glle—gl').

Any random variable covaries with itself. The diagonal elements of the
covariance matrix are the variances of the components:

ij = Var{gj} . (818)
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Characteristic functions (from Lecture 8)

For any random variable or vector, the characteristic function is the expectation
of the appropriate Fourier kernel:

(&) = (e )
If = is scalar and real-valued, then

we) = [ dopria)emie, (C.53)

— OO0

and the PDF and characteristic function form a Fourier transform pair:

pr(a) = [ de w(g) 2. (C.54)

Caution: Do not confuse & with a spatial frequency.

Moments of the random variable  can be derived through differentiation

of ¥(¢):

k
(o) = (~2mi)~* j—fkw(s) (C.55)

£=0
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Characteristic function of a real random vector

For a real M X 1 random vector g (column vector), the characteristic

function is defined as

¥g(€) = (exp(—2mi€'e)) | (8.26)

where £ is a real 1 x M vector.

For the case of a continuous-valued random vector, 1g(§) can be written

Yg(€) = / dMg pr(g) exp(—2ritlg). (8.27)

This integral is the M D Fourier transform of the PDF, so

prig) = [ @M (&) exp(2rmi'e). (8.28)



Linear transformations of random vectors

If the random vector g is generated as the output of a linear filter acting
on the random vector f, we can characterize the linear transformation by
an M X N matrix H. Then we can write the M X 1 output vector g in
terms of the IV X 1 input vector f as

g = Hf. (8.40)

From the linearity of the expectation operator, we have immediately for

the mean of g,
g = (g) = (Hf) = H({f) = Hf. (8.49)
The covariance matrix of g is found as
Ky = <AgAgT> - <(Hf— HF)(Hf — H?)T> —H <AfAfT> H' = HKHT,
(8.50)
where Af=f—f.



Digression: Definition of adjoint

Suppose H is a linear operator mapping space U to space V, e.g. object

space to image space,
g1 = Hij .

Let g» be some other vector in V and compute the scalar product,

(82, 81)v = (82, Hf1)y -
Adjoint operator HT is defined by requiring that

(g27 Hfl)V — (HTg27 f].)U .

Alternative notation:

gEHfl = (Hlg)'h



Linear transformation of the characteristic function

Transformation of the PDF is tricky, but the characteristic function is easy:

be(€) = <exp(—27ri§tHf)> — <exp [—2m;(Htg)tf}> | (8.42)
where the last step has used the definition of the adjoint. Thus
be(§) = ¢ (H'E), (8.43)

so knowledge of ¥y and H immediately gives 1.

The PDF on g can in principle be found by taking an inverse MD Fourier
transform of (8.43). Formally, we can write

pr(g) = [ aMe ug(H'E) expl(2nie's), (8.44)

but in practice the integral might not be easy. The problem is that we are

integrating a function of an ND vector over an M D space.
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Intro to random processes

Simple definition: A random process is a random variable that varies with
space and/or time. More formally, a spatial random process is a function
of two variables, r and (. Depending on the context, f(r,() can refer to:

1. The family of spatial functions, referred to as the ensemble; in this case,
r and ( are variables (e.g., all possible images)

2. A single realization or sample of the spatial functions; in this case, r is
variable and ( is fixed (one particular image)

3. The random variable at a single point; in this case, r is fixed and ( is
variable (value at one point in all possible images)

4. A single number; in this case, r is fixed and ( is fixed (value at one
point in one image)

Notational quirks: Usually drop the ( designator and hope the differences
above will be clear by context
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Classifications of random processes

e Spatial vs. temporal (or spatiotemporal)
e Scalar vs. vector valued
e Continuous vs. discrete valued
e Complex or real
e Kind of function:
Square-integrable (finite “energy”)
Finite power (energy per unit time)

Generalized (e.g., delta functions)
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Averages

Consider a scalar-valued continuous random process. For fixed r, f(r) is
simply a random variable (interpretation 3), and its expectation is defined
just as for any other random variable;

EL()} = (F0)) = Flo) = [

o0

N df(r) f(r)prlf(r)]. (8.71)

Computation of this expectation requires only the univariate PDF pr[f(r)].

N.B. The integral is over f(r), not r; result can still be a function of r.
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Moments and variance

Moments of f(r) are defined easily. For example, the jth moment is given

by
(@) = [ ) Y pris ). (6.72)

Again, the integral is over f(r), not over r; The resultant, ([f(r)]?), can
still be a function of r.

Having defined moments, we can also define the variance of a random

process. In the general complex case, the variance is given by

Var{f(r)} = E{|7()| = [E{/ ()} P} = E{IF0)} — [E{F(@)} P

2
(8.73)

- | °; 0 (e) |2 prlf ()] — | / O; af(r) £(x) prif(x)]

Still need only the univariate density pr[f(r)]
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Multiple-point expectations

6.@)

df(I‘l)/_OO df (r2) f(r1) f(r2)pr[f(r1), f(r2)].

(8.74)
Here, f(r1) and f(rp) must be regarded as two distinct random variables
and pr[f(r1), f(ro)] is their joint density. Only in very special circumstances

will it be possible to write pr[f(r1), f(r2)] as pr[f(r1)] pr[f(r2)].

(Fr1)f(ra)) = /

A general two-point moment is defined by

(D [Fr)]?) =
/ o; ) [ o; A (2) [ O™ )] prlf(en), f(2)] . (8.75)

Any moment involving the K points r{,ry,...,rg can be computed if
pr(f(r1), f(r2), ..., f(rg)] is known. If this K-fold joint density is known
for all values of each of the rj, the process is said to be fully characterized
to order K.
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PDFs and characteristic functionals

A spatial random process f(r) is an infinite-dimensional vector in a Hilbert

space — if every sample function is square-integrable.

Thus, at best, an infinite-dimensional PDF would be needed for a complete

characterization: very tricky mathematically.

BUT, an infinite-dimensional characteristic functional can always be defined

— and often calculated explicitly!

ALL statistical properties of a random process are contained in its characteristic

functional.
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Characteristic functionals — definition

Recall the definition of the characteristic function for a MD real random

vector:
Yg(€) = (exp(—2mit's) ) | (8.26)

Here, £ is a real M x 1 vector, and &g denotes a scalar product.

In the case of a random process f(r), each sample function corresponds to
a vector f in an infinite-dimensional Hilbert space, so the frequency vector
& in (8.26) must be replaced by an infinite-dimensional vector s in the
same Hilbert space as f. That means that s describes a function s(r), so

the characteristic function becomes a characteristic functional W¢{s(r)} or
W (s) for short. It is defined by

Wi (s) = (expl—2mi(s, E)]) (8.94)
where (s, f) is the usual Ly scalar product.
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Propagation of characteristic functionals

Consider a linear continuous-to-discrete mapping without noise: g = Hf,

where f is a function and g is an M X 1 vector.

Characteristic functional of f is defined by

We(s) = (exp[—2mi(s, £)]), (8.94)

Characteristic function of g is given by

vg(€) = (exp[—2mi(&, HF)]) = (exp[—2mi(HTE, 1)), (8.95)

where the second step follows from the definition of the adjoint,

Comparison of (8.94) and (8.95) shows that

Pg(€) = Wp(Hlg), (8.96)
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Effect of measurement noise
Now assume g = Hf + n, where n is an M X 1 random vector.

Characteristic function of g:

vg(€) = (exp[—2mi(¢THE + £Tn)]), ¢ = ((exp[—2mi(€"HE + &Tn)]) ¢ )¢

No loss of generality to this point, but if n is independent of f, then

Ye(€) = Yn(€) Ve (HTE).

No surprise —adding independent RVs = convolution of PDFs = multiplication
in Fourier domain. Tricky part is that “Fourier domain” for f is infinite

dimensional, PDF not readily defined.
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Propagation of characteristic functional with Poisson noise
Clarkson et al., Optics Express, 2002

If Pr(g|f) is Poisson, previous result is modified to

Yg(€) = Ve [HTT(8)], (8.339)

where I is an operator that acts independently on each component of its

vector operand; it is defined such that

—1 4 exp(—27i &Em)

— 271

[L(&)],, = (8.338)
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Summary so far

e Characteristic functionals can be defined for any square-integrable random

process (and computed analytically in many cases)
e It is easy to propagate characteristic functionals through linear transformations

e In particular, characteristic functionals for random objects can be propagated

through linear imaging systems

e Photon noise and readout noise in the detector are also easily incorporated
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Now let's apply these tools to speckle

e Fully developed Gaussian speckle in free-space propagation

e Fully developed Gaussian speckle in coherent imaging

e Weak speckle in AO
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Speckle in a nonimaging system (free-space propagation)

Consider ground glass in plane z = 0 illuminated by a monochromatic

plane wave propagating in z direction. Observe field and irradiance in a

parallel plane a distance z away.

| 1)

Plane
wave

X

|4 Ground

z glass

Observation
plane

Amplitude transmittance of ground glass:

taa(r) = explig(r)] S(r), (18.9)

where S(r) is a binary support function.
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Assume the ground glass completely randomizes the phases. In terms of
the univariate or single-point PDF for the phase:

prio(r)] = — rect ( (r)) (for all r). (18.11)
It follows that

(taa(r)) =0, (18.12)

where the average is over an ensemble of ground glasses.

Note carefully that t;g(r) is not Gaussian since |tqa(r)| =1



Field in the observation plane

Field emerging from the ground glass:

u(r) = €, o taa(r) = taa(r). (18.15)

Propagation to the observation plane:

u, = P.ug, (18.16)

where P is a propagation operator. Kernel of propagator is spherical wave

(Huygens wavelet). In the Fresnel approximation,

exp(tkz r —ro|?
uz(r) = F:g\z )/ d’rg ug(rg) exp <Z7T| )\z0| ) : (18.17)
©@)

Like a shift-invariant imaging system where the PSF is a spherical wave or
quadratic phase factor. Key difference: All points on object contribute to
field at each point in observation plane.
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Propagation of characteristic functionals

The field emerging from the ground glass in the plane z = 0 has a

characteristic functional given by

Wao(€) = (exp[—im(€tug + uoé)]) . (18.19)
The characteristic functional for the propagated field is given by

Wi, (€) = (exp[-im(€Tu: + u:e)])

= (exp { ~in[€'(Pug) + (Poug) €)1} ) = Wuo(PIe).  (18.20)
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Invocation of central-limit theorem

For derivation of central-limit theorem for complex random processes, see
Sec. 18.2.4 in B&M.

With this theorem, can write at once that

Wz (€) = exp (—m2€tKust) | (18.21)

where Ky, is the autocovariance operator. To be explicit, the quadratic

form is given by

ﬁnwezf

©@)

d°r / d?r' £*(r) Kuy(r,r') £(r'). (18.22)

Since ICyu, Is positive-definite, €T7CuZ§ is real.

Punchline: If we know the autocovariance function, we know all statistics

of the field in the observation plane
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Propagation of autocovariance function
Assume that the correlation length of the ground glass is short (as it must
be for a diffuse scatterer):
Kaa(r, ') ~ S(r) L2 6(r — v'), (18.13)
Transform this operator with propagator to get:
Kuy =P KuPLr~t2P.PL. (18.23)

In the Fresnel approximation, the kernel of the operator Ky, is

Ku,(r, 1) = e d’r" ex 731|r—r"|2 ex —731|r/—r”|2
w2 BT N2, P\ P

z

2 L
— )\20 2L2 sinc ()\—|r — r/|> : (18.24)
z z

Thus the scale of the correlations in the observation plane is determined

by the angular subtense of the ground glass, L/z.
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Statistics of the irradiance

Irradiance on observation plane is a real random process given by

I(r) = fux(r)[?

Since this mapping is nonlinear, cannot simply propagate the characteristic

functional.

[Many pages of math]|

1
det(Z+ 27Ky, Z)

V. (€)= (18.102)

where Z is the integral operator with kernel {(r) §(r—1’), and the determinant

of an integral operator is interpreted as the product of its eigenvalues.
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From this characteristic functional we can derive the univariate or single-

point characteristic function simply by setting

¢(r) = vé(r —ry).

Can show that
1

1+ 2miv Ku,_(r1,11)

br () (¥) = (18.103)

from which it follows that I;,,,(r1) is a chi-squared random variable with two
degrees of freedom, or equivalently an exponentially-distributed random

variable.

The mean irradiance at point ry is Kuim(rl,rl), or simply (|, (r1)|%).

29



Speckle in an imaging system

Plane R
wave 4

j Ak/ Detector
Ground Object array

glass (transparency)

Object: Photographic transparency with amplitude transmittance t.,;,

placed directly over a ground glass in plane z =0
[llumination: Plane wave in z direction

Imaging element: Thin lens of focal length f placed a distance 2f from
the object.

Detector: Discrete array placed in the focal plane, a distance 2f from lens.
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Coherent imaging equations

Wi (T) = / 270 Peon(r — 10; T0) uo(T0) 5 (18.86)
©.@)

where u;,,(r) is the field in the image plane, ug(rg) is the field emerging
from the object transparency in the plane z = 0, and p,,;,(r — rg;rg) is
the coherent point spread function (PSF).

If there are no field-dependent aberrations (coma and astigmatism), p..z,(r; ro)
is independent of the second variable and (18.86) is a convolution.

In abstract form (with or without aberrations)

Wim = FcohUlo - (18.88)
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Irradiance and CD mapping by the detector

Convert image-plane field to irradiance:

Lim/(r) = |wim(r)[?. (18.89)

Consider CD mapping by the detector array. Assume detector output is

linear in irradiance:
G = / 021w () L (r) (18.90)
0

where wy,(r) is response function for the m!t" detector.
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Object transparency

ug(r) = uga(r) top;(r), (18.91)
where tobj(r) is the complex amplitude transmission of the object, and
uc(r) is the field emerging from the ground glass and incident on the
object.

Abstractly,
ug = uga toy; - (18.92)

The CC propagation rule, (18.88), now becomes

W = Peoniuca tobj} ' (18.93)
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Propagation of characteristic functionals

Characteristic functional for image-plane field

wuim(é) — qu(fpgohg) — wugg(tzbjfpjoh £). (18.96)

Invoke central limit theorem, assume correlation length of ground glass is

short compared to system resolution. Get circular Gaussian:

Wy, (&) = exp(—mE KCu; _£). (18.97)

where

Ku, (r, r') = £2 /dzro Peon(r — 10; T0) P () — T0;10) [top; (To) |-
(18.100)

Noise is not stationary even if system is shift-invariant.
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Irradiance in the image plane

Mean irradiance in image plane given by

(Tim(r)) = (uam(@)?) = Kuj (6,7)

=02 [ @16 Ipeoi(r — r0i10)|2 [tops (r0)| . (18.101)

Compare to incoherent imaging.

Characteristic functional (with circular-Gaussian assumption):

1
det(Z+ 27Ky, Z)

Vi (€)= (18.102)

where Z is the integral operator with kernel {(r) §(r — ).

Neat point: All statistics of irradiance are determined solely by autocorrelation
function of field (in which the coherent PSF is hidden).
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Residual speckle in closed-loop AO

Why is AO different?

e Random phase is in pupil, not object

e Atmospheric phase perturbations have long-range correlations

e Residual phase variations in closed-loop AO are small

e Cannot use theory of fully developed speckle

e Cannot treat fields as circular Gaussian

e Now have three sources of randomness: Object, PSF, image
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Basic formulation

General approach: look for characteristic functional for pupil phase, not
field.

Treat pupil phase as spatial random process (ignore temporal variation of

atmosphere and loop dynamics for now)

The instantaneous phase in the pupil has the form,

N
P(r) = datm(r) — Z an un(r), (1)
n=1

where {un(r),n = 1,..., N} is an orthonormal basis for DM space and
{an,mn =1,..., N} is the associated set of control signals expressed in the
orthonormal basis.

Let o« be an NV x 1 vector of coefficients and u be N x 1 vector of modal

functions
37



Characteristic functional for the pupil phase

Definition:

W,(s) = <exp(—27risT¢) >
With (1),

N
— <exp (—27r7j STﬁbatm) <exp (27712 Z Qan, u;[bs) > > . (2)
n=1 a|¢atm

¢atm
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From last slide:

N
Wy,(s) = <exp <—27r7l ST¢atm> <exp 274 Z an, u;rls >

n=1

)

o | ¢atm ¢atm

Conditional characteristic function for « is defined by

¢a|¢atm(§) = <exp <—27r7j I;"Ta) > = <exp — 271 % En Qn >
n=1

8 | ¢atm
« | ¢atm

where £ is an N X 1 real vector.

Thus,

Vo(s) = (@ (=278 b ) Vi, (-019), ()

No approximations so far.
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Assumptions about the wavefront sensor

e Estimates of modal coefficients are unbiased:

an = (o >a|¢atm = u;rzﬁbatm

e Estimates are jointly normal (possibly correlated):

Voo, (6) = XP [_27”;5 <uT¢atm>] =P [_2W2€TKQ|¢atm€

e Covariance matrix for coefficients does not depend on ¢ . . Valid in any

of the following cases:
— Wavefront sensor is dominated by readout noise;
— Wavefront sensor is dominated by Poisson noise from diffuse background;

— Wavefront presented to the WFS in closed loop is nearly flat
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THE RESULT

Ws(s) = exp {—2772 sTuKauTs} Vg, (Prs) . (4)

where P is the projection operator onto the orthogonal complement of
DM space.

Thus the second factor represents the atmospheric modes that cannot be
corrected by the specific deformable mirror.

The first factor represents the noise in the wavefront sensor propagated
into the pupil phase.

This characteristic function contains all of the statistic properties of an AO
system, yet it is something we can write down analytically and evaluate in
many practical cases of interest.
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Kolmogorov statistics

For pure Kolmogorov turbulence, ¢4t (r) is a zero-mean, real-valued Gaussian

random process, so
Wy, (s) =exp {—27725T7Catm s} : (5)
where K.t is the autocovariance operator, with kernel defined by

[Katm] (r,1") = (¢(r) o(r') )

Note that [KCutm] (r,1’) is almost but not quite a wide-sense stationary
autocovariance function; it is a function of r — r’ if both points are within

the pupil, but the pupil support spoils the stationarity.

With (5), an immediate consequence of (4) is that the corrected phase is

also a zero-mean Gaussian random process.
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Departures from Kolmogorov

Suppose rg is random. Then the atmospheric characteristic functional

becomes

Vg . (s)= <exp {—27?28T[7Catm(ro)] s}>

ro

= [ dro pr(ro) exp { 27 K (ro)] s} (©)

Now the uncorrected phase is no longer a Gaussian random process, but
it is possible that the corrected phase will be Gaussian. If the density of
actuators is high and P ;s = 0 for all functions s of interest, then the

corrected phase might be dominated by the first factor in (4).
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Incoherent PSF and pinned speckle

Suppose there is only a single on-axis star present in the FOV of the

telescope and light is narrowband with mean wavelength .

The complex scalar field at point r; in the image plane is given by

274r - rd>
Af '

u(ry) o / d°r aap(r) explid(r)] exp (
For weak phase,

exp[id(r)] =1+ i op(r) — %[gb(r)]z 4.

Random image-plane field:

u(rq) o< Aap(F) + i[Aap * PI(E) — 3[Aap x P x OJ(F) +- -, (7)

where Aqp(p) and ®(p) are the 2D spatial Fourier transforms of aqp(r)
and ¢(r), respectively, and ¥ = r; /(\f).
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Incoherent PSF and pinned speckle — cont.

From last slide, random image-plane field:

u(rg) o Aap(E) + il Aap * OJ(F) — YA x S x O](F) + -+, (7)
Random image-plane irradiance:

I(rg) = |u(ra) 2 o< |Aap()[? — 2 Aqp(F) Im {[Aap * P](F)}

+1[Aap * ®](F)|* — Aap(F) Re {[Aap * @ * P|(F)} + - - -, (8)

Conclusions:
e Field in focal plane is not Gaussian

e Linear term in field expansion is Gaussian but not circular Gaussian
e Linear term in irradiance is Gaussian (Gaussian ¢ = Gaussian ®)
e Quadratic and higher terms in irradiance are not Gaussian

e Residual speckle pattern is modulated (pinned) by Airy pattern

e Need a characteristic functional for FT of residual pupil phase!

45



Characteristic functional for ®(p)

Definition:

Wg(S) = <exp <—2m' qu>> > |
where S = an arbitrary frequency-domain function S(p).

It follows from Parseval’s theorem that ST® = qub so we have

Wg(S) = <exp <—27m' s’fqb) > — Wy (F1S). (9)

This simple result, a special case of our transformation rule, takes advantage

of the Fourier transform being unitary.
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Why we don’t need a characteristic functional for the irradiance

All statistics of the irradiance can be obtained from (8) and (9), even
without an explicit expression for the characteristic functional of the irradiance.

The trick is to make judicious choices for the function S(p) in the argument
of \U(I)(S).

Example: Suppose we want to evaluate moments of a product of the form

®(p1) ®(po). For this purpose, we need a characteristic function defined
by

Vo (p,),0(p,) V1, v2) = (exp{—2mi vy (p1) +12P(p2)]} ).

Now suppose we set

S(p) =v16(p — p1) +126(p— p2)-
From (9) and the sifting property of the delta function:

Vo (py),0(p,) V1, 12) = Valv16(p — p1) +v26(p — p2)]
= Wy [v1 exp(27i(py - 1) + v exp(2mipy - 1)] .
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Why we do need a characteristic functional for the irradiance

Short answer: so we can propagate it through a discrete detector array and

add noise.
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Still to do

e Try to find characteristic functional for image irradiance
e Find M-dimensional characteristic function for data g
® Incorporate time dependence of atmosphere and control loop

e Find M J-dimensional characteristic function for data sequence G

(M pixels in each of J image frames)

e Relate all of the above to observer performance
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